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Experimental measurrments and a single-mode analysis of a quantum-well laser diode subject to 
strong optical injection are combined to demonstrate that the diode follows a period-doubling route 
to chaos. All laser parameters used in this model, including the influence of spontaneous emission 
noise, were experimentally dctermincd based on the four-wave mixing technique. The transition to 
chaos can be used to reduce the uncertainty in the value of the limewidth enhancement factor. 

In a v:ariety of laser systems, a set of coupled equations 
for the complex oscillating field and the inversion density 
describes the nonlinear dynamics. An isolated, single-mode 
laser of this type, such as a semiconductor laser, is suffi- 
ciently described by only two rate equations; one for the 
photon density and another for the carrier density.‘?’ In order 
to induce chaotic dynamics in these systems, a third degree 
of freedom is needed, such as pump modulation or external 
optical injection.’ Early theoretical and cxpcrimental inves- 
tigations of lasers under external optical injection showed a 
variety of unstable dynamic phenomena, but did not consider 
a range of parameters relevant to semiconductor Laser 
diodes.rJ”-” More recently, it has been predicted that external 
optical injcctioo into a laser diode can lead to chaos through 
the period-doubling route: though the experimental evidence 
has been ambiguous.” 

in this letter, we present experimental evidence that 
strong optical injection into a laser diode from a master laser 
operating at the free-running oscillation frequency of the la- 
ser diode is sufficient to drive it into a chaotic regime 
through a period-doublin g route. Experimentally observed 
features are demonstrated using a si.ngIe-mode injection 
model’ which includes spontaneous emission noise.” All pa- 
rameters required for the model have been experimentally 
determined using the four-wave mixing technique,9 aIlowing 
a quantitative comparison between esperimentally measured 
spectra and the predictions of the model. We have found that 
the transition to chaos can be used to reduce the uncertainty 
in the measured value of the linewidth enhancement factor of 
the laser diode. 

The lasers used were commercially available, nearly 
single-mode GaA&4lGaAs quantum-we.11 lasers, SDL model 
5301-Gl. Uoth the mast.er and slave lasers were temperature 
and current stabilized. The output of the master laser was 
injected directly into the slave laser with careful alignmrnt to 
have good coupling into the laser mode Isolators were used 
to make sure that no light was injected into the master laser. 
The optical spectrum of the output of the slave laser was 

monitored with a Newport SR-240C scanning Fabry-Perot 
which has a free spectral range of 2 THz and a finesse of 
greater than 50 000. 

The master laser was tuned to the free-running oscilla- 
tion frequency of the slave laser. Residual offsets, due to 
frequency jitter between the two lasers, were less than 100 
MHz. The slave laser is injection locked, but the dynamics 
are not necessarily stable under such injection.“’ The master 
laser’s central linewidth, ~10 MHz, was significantly less 
than the linewidth of the free-running slave laser. Further, at 
the injection levels considered here, its noise spectra, away 
from the central peak, was significantly weaker than the 
spontaneous emission by the slave laser into its oscillating 
mode. 

To determine the injection level, we calibrated the sys- 
tem by measuring the four-wave mixing spectrum in the 
weak injection limit and used our previously developed 
model of the interaction to compare the generated sideband 
signal with the central peak.79 The normalized injection level 
is ~={~~i~)l(~c~O~), where 17 is the coupling rate of the 
injected field, ycy,: is the photon decay rate, and bil and b,,l 
are the injected and free-running oscillating field amplitudes, 
respectively. The injected power is proportional to 6’. Figure 
1 shows two typical spectra of the principal mode of the 
slave laser. The frequency is relative to the free-running fre- 
quency or, equivalently, the injection frequency. In Fig. l(a) 
(=1.7X10-’ and in Fig. l(d) 5-2.6X10-‘. When taking 
these spectra, the slave laser was operated at an output level 
of 9 mW, where its free-running relaxation resonance fre- 
quency is f,=2.9 GHz. When the optical injection is in- 
creased beyond the weak injection limit for stable injection 
looking, it first causes unstable oscillation of the laser at the 
resonance frequency. The relatively narrow peaks in the 
spectrum of Fig. I.(a) are separated by a frequency spacing of 
f, and are typical features of highly unstable injection 
locking.” For injection levels, (5 1.2X10-“, the optical 
spectrum contains very little output except in these narrow 
peaks. As the injection level is further increased, broad fea- 
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FIG. I _ Optical spectra of a semiconductor laser under optical injection at 
two levels in a period-doubling route to chaos: (a)-(c) G= 1.7X lo’..‘” and 
(d)-(f) c=I?.SX LW 2. (a) and id) are experimentally measured spectra, 0) 
and !e) are numerically calculated spectra with no noise sources present, and 
[c! and (f) are calculated spectra with noise sources present. The parameters 
used in the calculations were experimentally determined using the four- 
wave mixing technique. Shading under the curves is a visual aid only. 

tures appear in the spectrum between the narrow oscillation 
peaks, ac; is seen in Fig. l(a). At even higher injection levels, 
the spectrum becomes dominated by a broad pedestal and 
many strong secondary peaks develop, as the spectrum in 
Fig. lid) shows. At this stage, chaos is tilly developed, as 
will be demonstrated by comparison with calculated spectra. 
We have also observed that as the laser is driven into the 
chaotic region, the average oscillating power in the principal 
mode decreases by as much as 36% while the overall output 
is approximately constant. The power is spread among sev- 
eral of the weak side modes. 

Our analysis employed the single-mode model which 
couples the complex oscillating field with the carrier 
densityI 

dA 
- =-~A+i(w~-co,)A+; (I-ibjgA dt 

+ ~Aie -j’*+ Fsp, (1) 

dN J N 2qp’ 
dr =2-y WW(, -dA?. (2) 

Here, A is the total complex intracavity field amplitude at the 
free-oscillating frequency wO, w, is the longitudinal-mode 
frequency of the cold laser cavity, z‘ is the confinement fac- 
tor, h is the linewidth enhancement factor, g is the gain co- 
efficient that includes second-order effects, Ai is the complex 
amplitude of the injection signal, and $1 is the detuning of 
the injection signal, F, is the spontaneous emission Lange- 
vin noise source and is assumed to have a correlation time 
short compared to 7, ‘,’ N is the carrier density, J is the 
injection current density, e is the electronic charge, d is the 
active layer thickness, 7s is the carrier lifetime, and n is the 
refractive index of the semiconductor medium. In order to 
perform numerical simulations using the coupled-equation 
model, we have transformed Eqs. (1) and (2) into a set of 
three real equations in a form which shows explicitly the 
dependence on the laser parameters experimentally deter- 
mined in the weak injection limit: 
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da 1 3/c~,z _ 
-zz=- - 

i dt 2 YJ 
12--yJ2ct+~~j (l+aj 1 

+ 7JUi COS(lnt+C$)+F’/[A,II, 

d&, b ‘~c~tr -=-- _ 
dt i 2 YJ 

ii- y,,p+a”j 
1 

qai sin(&+ qb)-P/IA,,] 
1+u , 

dii 
- =-y,ri- y,(l+a)‘z- y$&+a’j 
dt 

+(.y,y,iy,jj(fa+u”j(l +u)“, (51 
where a=(I~I--f~~l)/~~l, G~=~J/~~I, (p is the phase 
difference between A and Ai, i=(N-N,),‘N,, 
.? = (Jleri - yJ$,)/y,N, , ys= 117, , N, is the steady-state, 
free-running carrier density, and ya and y, are relaxation 
rates contributed by the differential and nonlinear gain pa- 
rameters, respective.ly.7g” We have made use of the stochastic 
nature of F, and its short correlation time to generate the 
two Lange& source terms, F’ and F” in Eqs. (3) and (4j. 

The coupled equations were numerically integrated, and 
the resulting times series were Fourier transformed, for vari- 
ous injection levels. Noise and dynamic parameters of the 
laser were independe.ntly determined by the four-wave mix- 
ing experimenfs:’ and, in the results presented here, il-0, to 
model optical injection at the free-running frequency. Two 
sets of calculated optical spectra were obtained at injection 
levels similar to the corresponding experimental spectra 
shown in Fig. 1. The spectra in Figs. I(b) and l(e) are cal- 
culated with no spontaneous emission noise term in the field 
equations, while the spectra in Figs. l(c) and l(f) include a 
spontaneous emission noise source. The positions of the 
computed peaks appear at the same frequencies as the corre- 
sponding experimental peaks. Relative strengths of the com- 
puted peaks are consistent with the e.xperimentally obtained 
spectra when noise is present, though there is some discrep- 
ancy in the details of the different peaks. 

The period-doubling features are most evident in the de- 
terministic spectra, Fig. 1 (bj. A principal difference between 
the two sets of calculated spectra is that the noise term leads 
to a broadening of the period-doubling features in Fig. l(c), 
consistent with the experimental data of Fig. l(a). The noise 
would tend to obscure the identification of these peaks with- 
out our detailed work to determine the dynamic and noise 
parameters of the laser diode. Broadening of the relaxation 
oscillation side peaks is accompanied by a reduction in the 
height of the peaks. Fully developed chaos is 0bserve.d in the 
spectrum show= in Fig. lie), where the broadening in the 
calculated optical spectra is achieved without any stochastic 
sources present in Eqs. (3) and (5). 

Figure 2 depicts the numerically obtained bifurcation 
diagram of the values of the extrema of the electric field 
amplitude. ve.rsus the injection parameter 5 when the noise. 
source terms are not included. Both the initial bifurcation 
point and first period-doubling point occur at injection levels 
consistent with the experimental measurements. Only the ini- 
Gal instability region, first period-doubling re.gion, and cha- 
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FIG. ‘1, Numericaliy obtained bifurcation diagmm of the extrema of the 
normalized optical tielci amplitude, ct(,f), vs the nornmlizrd injection level, 
& showing the period-doubling route to chaos. Experimentally determined 
parameters of the laser are used in the calculation. 

otic region exist over an experimentally distinguishable 
range of injection values because of the noise. One may view 
the effect of spontaneous emission noise as causing a fluctu- 
ating optical injection. Part of its influence is, e.ffectively, to 
rapidly move the laser diode output to different injection 
levels on the bifurcation diagram. 

It was also found that relatively minor changes in the 
linewidth enhancement factor can induce Iarge changes in 
the calculated bifurcation diagram and optical spectra. The 
numerical results discussed above were obtained with a line- 
width enhancement factor of h= 3.47, which is we.11 within 
the range of values, 3+1 determined by the four-wave mix- 
ing experiment.” We have found that the laser would not 
develop into a chaotic state if b53.1. The transition to 
chaos can be used to narrow the uncertainty in b to 3.6+4. 

The nonlinear dynamics of a laser diode under external 

optical injection is sensitive to a variety of laser parameters. 
Here, we have demonstrated- the period-doubling route to 
chaos for optical injection at the free-running frequency of 
the laser diode. Detuning the injection frequency will change 
the nonlinear dynamics, and is predicted to lead to different 
routes to chaos for lasers which can be modeled by the 
coupled equations for the complex oscillating field and popu- 
lation inversion.‘~3*” In the analysis discussed above, the ef- 
fect of side modes was not included. The single-mode model 
used here cannot, of course, account for the partition of 
power to the side modes and further work is needed to quan- 
tify the effect of the side modes. The good agreement be- 
tween the spectra calculated from the single-mode model 
with noise and the experimental data indicates that the high- 
frequency dynamics of the system is not dominated by the 
presence of the side modes for these experimental condi- 
tions. 
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